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Abstract. We introduce equations for special metrics, and notions of stability for 
some new types of augmented holomorphic bundles. These new examples include 
, holomorphic extensions, and in this case we prove a Hitchin-Kobayashi correspon- 

ds) ' dence between a certain deformation of the Hermitian-Einstein equations and our 

definition of stability for an extension. 

> 

\q . §1. Introduction 

O , 

Let E — ► X be a fixed smooth bundle over a Kahler manifold. There are three 
natural moduli spaces associated to E; one algebraic, one complex analytic, and one 
symplectic. The first is the moduli space of slope stable holomorphic structures on 
E, and is constructed by Geometric Invariant Theory. The second, the moduli space 
(3JT). of Hermitian-Einstein connections, is constructed by gauge theory and deformation 
^jT)i theory. For the third, one uses the symplectic structure induced on the space of 
unitary connections and considers the moment map for the action of the unitary 
gauge group. The symplectic moduli space is then the Marsden-Weinstein quotient 
of the zero level of the moment map by the action of the unitary gauge group. 

In fact, it is well known that these three quotients can all be identified, and 
this is referred to as the Hitchin-Kobayashi correspondence. Furthermore, this 
triad of descriptions has, in recent years, been found to be a common feature in 
an ever expanding range of situations. In most of these, the moduli spaces are for 
augmented bundles of one kind or another, i.e. for objects consisting of one or more 
holomorphic bundle together with prescribed holomorphic sections. A summary of 
such results can be found in [BDGW]. 

In this paper we discuss some extensions of these ideas in two directions that 
have not hitherto been pursued. This involves consideration of an interesting class 
of equations which includes deformations of the Hermitian-Einstein equations as 
well as certain generalizations of the equations known as the vortex equations. It 
also requires the introduction of a new concepts of stability for various augmented 
bundles. 

In the one class of examples that we discuss, the starting point is the observation 
that symplectic reduction can be carried out more generally than simply at the 0- 
level set. In particular, symplectic quotients can be constructed from the inverse 
images of coadjoint orbits in the dual of the Lie algebra of the unitary gauge group. 
It is natural to look for a description of such reduced spaces as complex quotients 
and to try to find an algebraic characterization of this quotient as a moduli space. 
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The simplest example of such a generalization can be described as follows. Sup- 
pose that E = Ei © E 2 . Fix a smooth metric K on E such that the above splitting 
of E is an orthogonal decomposition. Let T ri)T2 G (5 be the global gauge transfor- 
mation given by 

'zrili 
zr 2 I 2 



T 



with respect to the given splitting of E, and let (9(ti,t 2 ) be the coadjoint orbit 
of T TljT2 . The points in the inverse image (0(ti, t 2 )) can be described as 
holomorphic extensions, either of the type 



— ► E x — >S — >S 2 — ► , 



or of the type 

— >S 2 — >S — >£i — ► . 

Pursuing this example, we find interesting "deformations" of both the Hermitian- 
Einstein equations and the notion of bundles stability. Furthermore, these are 
naturally interpreted in terms of holomorphic extensions. 

The second type of structure we consider is a natural generalization of the triples 
described in [BGP]. In [BGP] we described objects consisting of two holomorphic 
bundles, £\ and S 2 plus a map between them, i.e. a section $ G H°{X, Hom(S 2: Si)). 
In the generalization we have in mind, we take $ in H P (X, Hom(S 2 , Si)), for any 
p. We call such objects p-cohomology triples. Apart from their interest as nat- 
ural generalizations of the original triples, such objects (with p = 2) have been 
encountered in the work of Pidstrigach and Tyurin ([PT]), and more recently in 
connection with the Seiberg-Witten invariants for algebraic surfaces (cf.[W]). For 
the case p = 0, we described in [BGP] what the natural notion of stability is, and 
what the corresponding equations for special metrics look like. In this paper we 
discuss how these can be modified to describe the more general situation. 

The case of p = 1 is of particular interest, since elements in H 1 (X, Hom(S 2 , Si)) 
can be interpreted as extension classes. This leads to interesting relations between 
the two kinds of situations described above. We describe in some detail how these 
points of view compare. We also relate these to yet another description of holo- 
morphic extensions, namely one in terms of the bundles S , S 2 plus surjective maps 
tv : S — > S 2 . Such objects, which describe extensions of S 2 by the kernel of the 
map, can be thought of as a special type of p = triples. More specifically, they 
correspond to such triples in which the map between the bundles is surjective. We 
thus discuss the relation between such surjective (p = 0) triples, 1-cohomology 
triples and extensions. 

Remark. The result given in Theorem 3.9 has been proved independently by 
Daskalopoulos, Uhlenbeck and Wentworth [DUW]. With stability defined as in 
in Definition 3.4, they have gone on to give analytic as well as invariant theory 
constructions of the moduli spaces of stable extensions. 

Acknowledgements. The authors would like to thank Alastair King for many 
helpful conversations and ideas, especially with regard to the formulation of the 
definitions of stability in §2.2. Both authors are members of the VBAC group of 
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§2 COHOMOLOGY TRIPLES 

Let (X, uj) be a compact KaMer manifold of dimension n, and fix two smooth 
complex bundles Ei — > X, i = 1, 2. Denote their ranks and degrees by di and r^, 
where by the degree we mean, in general, f x c\ [E\] A u; n_1 . In order to simplify cer- 
tain formulae, we assume that the volume of X is normalized to 2tc. A holomorphic 
triple based on E\ and E<i consists of holomorphic structures (given by <9-operators 
d\ and <9 2 ) on these bundles plus a holomorphic section of Hom(E 2 , Ei). Thus the 
augmentation is represented by a smooth section $ e Q°(Hom(E 2 , Ei)) satisfying 
the constraint <9i, 2 (<I>) := di o $ - $ o d 2 = 0. 

There are two distinct ways in which one might want to generalize this to allow 
form-valued augmentations. 

(1) In the first, which we call p-cocycle triples, one replaces holomorphic sections 
of Q°(Hom(E2, Ei)) by holomorphic sections of Q°' p (Hom(E 2 , E\). 

(2) In the second, which we call p-cohomology triples, the augmentation is con- 
sidered to be the class in H°' p (Hom(E 2 , E{)) represented by a holomorphic 
section in QP^{Hom(E 2 ,E 1 )). 

As will be seen (cf. Section 2.2 ), there are compelling reasons for regarding the 
second approach as the "correct" one. Nevertheless, at least in the case where X 
is a Riemann surface, there are interesting features of both types of augmentation. 
In the case that £ 2 is fixed to be the structure sheaf, the resulting objects may be 
considered as p-cocycle- and p-cohomology pairs. 

§2.1 The basics. 

Set 

X (p) =C!xC 2 x n°' p (Hom(E 2 , E x ) , (2.1.1) 

where C; denotes the space of holomorphic structures (or equivalently, the space of 
9-operators) on Ei. 

Definition 2.1. We can define the the space of all p-cocycle triples on (Ei, E 2 ) 
by the holomorphic subspace 

= {{d u d 2 ,cj>) e x ip) : 01,2(0 = °} » (2-1-2) 
where di j2 (4>) = d\ o cf> — o d 2 . 

We can define an equivalence relation on by 

(<9i,<9 2 ,0) ~ (<9i,<9 2 ,0 + <9i,2 (a)) , 

for any a G Q°' p ~ 1 (Hom(E 2 , Ei). The p-cohomology triples are described by the 
equivalence classes in Z^ / ~. Notice that these equivalence classes correspond to 
orbits of the additive group QP 2 1 : = fiO'P-^fiom^, #i) under the action 

ao (di,d 2 ,</>) = (<9i,<9 2 ,0 + <9i, 2 (oj)) . 

Definition 2.2. The space of all p- cohomology triples on (Ei,E 2 ) is defined 
by 



n ( P ) = z (p) / fi P-i _ (2.1.3) 
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Definition/Lemma 2.3. The complex gauge group <5c = x ®c ac ^ s on 
Z<p) andH (p) . In both cases, the (&c-orbits correspond to isomorphism classes, with 
the notion of isomorphism defined in the obvious way. Thus the "moduli spaces" 
of isomorphism classes of p-cocycle( resp. p-cohomology) triples corresponds to the 
orbit space resp. 

It is important to observe that in the double quotient 

H^/<5 c = (Z^/n p 1 - 1 )/<5 c , 

the order of the quotient operations cannot be reversed. Not only do the actions of 
Q\~2 and (5c fail to commute, but £l\~ 2 does not act on Z( p )/<5c in any obvious 
way. Nevertheless, the quotient HS P ^ /(&c can be described as a quotient of Z^ p \ 
namely as the quotient by the group action of the semidirect product Q p ~ 2 x (3c • 

Definition/Lemma 2.4. We can identify 

(zW/n?^)/(5c = n^/n^ 1 * <$. 

where the group structure on the semidirect product is defined by 

(a,gi,g2)(a',g[,g' 2 ) = (g[~ 1 ag' 2 + a' , g^, g 2 g' 2 ) , (2.1.4) 
and the action on Z^ is 

(a,9i,92)(di,d 2 ,(f)) = Oi(di), # 2 (d 2 ), gi{4> + di^a))^ 1 ) . (2.1.5) 

§2.2 Stability with parameters. 

As usual, one cannot expect the orbit spaces 

ZW/Gc or H^/Vc to yield well 
behaved moduli spaces without restricting to suitably defined spaces of "stable" 
orbits. The definition of stability that we propose for cohomology-triples is a rea- 
sonably straightforward extensions of the stability defined for triples in [BGP]. Since 
this definition is in terms of a condition on subtriples, we need to specify precisely 
what we mean by the subobjects of cohomology triples. 

Let Si = (Ei, di) and S 2 = (E 2 , d 2 ) holomorphic vector bundles on X and $ G 
H p (Hom(£ 2 , £i)). To define the subobjects of the cohomology triple T = (£i, £ 2 , 
we need to determine the category to which T belongs. The subobjects of T will 
be then certain objects in this category — the ones for which there is an injective 
morphism to T. 

The category we need to consider is the category of "Ext p " triples. Its elements 
consist of triples (JF 1? JF 2 , \I>), where T\ and T 2 are coherent sheaves on X and * is 
an element of Ext p (jF 2 , Fi). 

Recall that Ext°(JF 2 , F x ) = Hom^, ^l) = ^(Hom^Fi)), and if T 2 is 
locally free: 

1) Hom(T 2 , Ti) ^Ti® J=l 

2) Ext^JS, Ti) = HP(Ti <g> T$). 

Let T = (^1,^2,$) and V = (F'^J 7 '^^') be two Ext p triples. A morphism 
T' — ► T consists of morphisms fi : T' x — > T\ and f 2 : T 2 — > T 2 such that under 
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ExtP(^,^) -Jli-^ Extf(^,^i) ErtP(r 2 ,Fi) 
One has that 

/!.(*') = /a (*)• (2.2.1) 

Note that when p = 0, this is equivalent to having the following commutative 
diagram 

0=2 — 5— ^1 
<f>' 

Definition 2.5. LetT = {T\^J=2^) be an ExtP triple. A subobjectT' ofT consists 
of an ExtP triple (J-[, J-^ such that one has injections i\ : T' x J=i and i^ '■ 
J~2 ^ 0=2, which induce a morphism from T to T' , i.e. = i\{^>\ 

Notice that if (£±, £2, <&) is a cohomology triple, (where £\ and £2 are locally free 
and $ G HP(Hom(£2,£i)))> a subobject NEED NOT BE a cohomology triple. In 
general it will be only an Ext p triple, i.e. £[ £\ and £' 2 £2 are not necessarily 
locally free and G Ext p (^2 5^() (If £2 i s n °t locally free this cannot be identified 
with HP(Hom(£^£{)). 

The definition of stability is given in terms of defect functions (Alastair King's 
terminology) for pairs of bundles: 

Definition 2.6. Let (Ei, E 2 ) be a pair of bundles of degree d\ and d2, and rank r\ 
and T2- Fix real numbers {ai, 0,2, Ti, T2}, and define ai>a2>TliT2 (Ei, E 2 ) by 

0a 1 ,a 2 ,T 1 ,T 2 (£i,£2) = axdx + a 2 d 2 - rir! - r 2 r 2 . (2.2.2) 



Definition 2.7. Let (£i,£2,<E>) be a p-cohomology triple based on the smooth bun- 
dles (Ei,E2). Fix real numbers {ai, a2, t±, T2} with a± and a2 non-negative, and 
such that 

axdx + a 2 d 2 - T\r\ - r 2 r 2 = , 

i.e. such that 9 aijCl2}Tl}T2 (£i, £2) =0. We say that the triple (£±,£2,^) is {ai, a2, Ti, T2} 
stable if 

@a 1 ,a 2 ,T 1 ,T 2 (£l,£2) < 

for all p-cohomology subtriples. 
Remarks: 

(1) As usual, to study stability questions it suffices to consider saturated subob- 
jects of (£1, £2, $) (we are assuming that £\ and £2 are torsion free). These 
are subobjects (£{,£2,$') for which the inclusions £{ <— »■ £\ and £' 2 <— > £2 
are saturated, i.e. £i/£[ and £2/ £'2 are torsion free. 

(2) As in the case of cohomology triples, before we can define stability for a 
cocycle triple, we must first establish what the legitimate subobjects are . 
We immediately run into difficulty when we consider what the appropriate 
category for such objects should be. Denote the objects in the category by 
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Ti be locally free sheaves. This means we need to have a replacement for 
Vl p {Hom{J r 2, Fi)) in the case that T\ and JF 2 are NOT locally free. This 
is one of the reasons that cohomology triples are to be preferred to their 
cocycle cousins . 

Notice that when X is a Riemann surface, these difficulties do not arise, 
and sensible definitions can be given. Subobjects are defined to be cocycle 
triples (F[, F21 ft) with injections i : T' x — >■ T\ and j : T 2 — ► T2 such 
that 

% O ft = ft o j . 

Stability with respect to parameters {a±, 0,2, T\, T2} is then defined exactly 
as for cohomology triples. 
(3) Finally, suppose that (81,82, ft) is a 0-cohomology triple, i.e. a triple with 
G H°(Hom(E2, E{)). We recover the old definition of r-stability given in 
[BGP] by taking {a±, 0,2, t\, t 2 } = {1, 1, r, r'}. The definition above is thus 
a generalization of r-stability. 

The parameter space for the parameters in the definition of stability can be 
described as follows. Let Par C W 1 be the subspace 

Par = {(ai, a 2 , n, r 2 ) | a\ > , a 2 > , a\di + a 2 d 2 - T\T\ - r 2 r 2 = } . (2.2.3) 

Notice that the definition of {a\, a 2 , t\, t 2 }- stability is insensitive to an overall 
scaling of (a\, a 2 , t\, t 2 ) by a positive scale factor. The effective parameter space 
is thus Par/M + . The "geography" of this parameter space is an interesting issue, 
which we will return to in a later paper. There are however, a few features which 
are immediately apparent. 

The first feature comes from the fact that (at least for the case when X is 
algebraic), the degrees and ranks of subobjects may be assumed to be integers, i.e. 
to lie in a discrete subset of M. It follows immediately that 

Lemma 2.8. The parameter space Par/IR + is partitioned into chambers. The walls 
are determined by the choices of(a\, a 2 , t\, t 2 ) at which the relation aiia2 ^ Tl ^ T2 (8[, 8' 2 ) 
is numerically possible. Within a fixed chamber the definition of (a\, a 2 , T\, Te- 
stability is independent of the values of (a\, a 2 , t\, t 2 ) 

The next result identifies a special region within Par/R + . 

Proposition 2.9. 

(1) Suppose that a± > 0. Then the space of (a\, a 2 , t\, T2)-stable objects is empty 
unless T\ja\ > n(8\). 

(2) There are positive numbers ei,e 2 such that the following is true: 

Let (a\, a,2, ri, r 2 ) be any point in Par such that 

a\a 2 7^ , 

< — - At(£i) < ei , 
ai 

Then in any (a\, a 2 , ri,r 2 ) -stable object, say (<?i,£ 2 ,$) , the bundles 8\ and 
82 are semistable. Conversely, if 8\ and 82 are stable bundles, then all 
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Proof. Both parts of the proposition use the following observations. Let (£1, £ 2 , 
be any p-cohomology triple. For any subsheaf £( of £1 we can construct the subtriple 
(£{,0,0). Furthermore, for any subsheaf £ 2 °f ^2 we can construct the subtriple 
(£1, £2, by taking = i* 2 {<$>). Notice that 

^ 1 ,a 2 ,r 1 ,r 2 (£{,0) = a 1 ri(^(£0-n/ai) . (2.2.4) 

Part (1) follows immediately from this. For part (2), we observe that if a± 7^ 0, 
then we can write (2.2.4) as 

ai 

It follows that if |a*(£i) — Ti/ai| is sufficiently small, and if 6> ai;a2)Tl)T2 (£{, 0) < 0, 
then n{£[) — A*(£i) < 0. We now consider the subobjects coming from subsheaves 
of £2. For these, we get 

001,02,71,7* (£i,£2) = a i rf i + a 2d' 2 -rm -r' 2 r 2 ■ (2.2.6) 

Using the constraint equation a\d\ + a 2 (i 2 — T\r\ — r 2 r 2 = 0, this can be written as 

Oa^^Sx,^) = r , ^ _ _ ri( r 2 ^ )( n/a i -M£i) 

a 2 " /••_> a 2 /ai 

Thus if 6> ai)a2jTl5T2 (£i,£2) < 0, then 

n{£ 2 ) - M£ 2 ) < ^ — ) • 

Since (^X 12 ^) is bounded above, it follows that \i{E' 2 ) - n(£ 2 ) < if Tl/a £]£ £l) 
is sufficiently small. This completes the proof of the first claim in (2). The second 
claim also follows from the identities (2.2.5) and (2.2.7), which show that for any 
subtriple (£1, £ 2 , <&') we have 

#01,02,7-1,7-2 £2) = #oi,a2,ri,T 2 (£l,£2) + 0ai,a2,Ti,T2 0) - aifl (ji(£l) - T\/(l\) 

= a 2 r' 2 (p(£ 2 ) - ^(£ 2 )) + airi(//(5j) - ^(£i))+ 

/ / \ / , f c\\ ( r 2 -r 2 ri/ai-/i(£i) 

+ ai(ri - rJ^Ti/oi - //(£i)) - a 2 ri( )( ) . 

r 2 a 2 ai 



§2.3 Comparison of cocycle and cohomology. 

In the case that J is a Riemann surface, the following comparison between 
cohomology and cocycle triples makes sense. Let 7T : Z(p) — ► H {p) = n p ~ 2 denote 
the projection map. Let (at, a 2 , t\, t 2 ) be any set of real numbers satisfying the 
constraint 

axdi + a 2 d 2 - T\r\ - r 2 r 2 = . 
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Proposition 2.10. Suppose that X is a Riemann surface. For any cohomology 
triple (<9i, 82, G Tiy p ', the following are equivalent: 

(1) 8 2 , $) G is_ (a_i, a 2 , n, T 2 )-stable, 

(2) a// cocycle triples (81,82,$) G 7r _1 (9i, (?2, are (a\, 0,2, t\,T2) -stable, 

(3) given any (<9i, f?2, 0) G 7r _1 (<9i, (?2, every cocycle triple on the £l\~ 2 l -orbit 
through (81,82, 4>) is (ai, 02, t\, r 2 )-stable. 

Proof. Statements (2) and (3) are obviously equivalent. We thus need only prove 
that (2) or (3) is equivalent to (1). To do so, we need to compare the definitions 
of stability for a cocycle triple and for a cohomology triple. In both cases, the 
definition is given in terms of the values of #ai,a 2 ,Ti,T 2 (£(, £2)? where £[ and £ 2 are 
the subbundles in either a cocycle subtriple, (<9 1; 8 2 , 4>'), or a cohomology subtriple, 
(8±, 8 2 , $')■ Notice that neither the (j)' nor the $' affect the value of aiia2iTl:T2 - their 
only role is to determine on which pairs (£[,£'2) the function must be evaluated. 
The proof thus consists essentially of a comparison of the subobjects of cocycle 
triples and of cohomology triples. 

Suppose first that (81,82,$) G Ti.^ is (ai, a2, r\, T2)-stable. Let (8i,8 2 ,(j)) be 
any cocycle triple in tt~ 1 (8i, 82, <£•), and let (8 1 , 8 2 , 4>') be a cocycle subtriple. Then 
(j)' defines a cohomology class, in H X (X, Hom(£2, £1), and (d 1 , 8 2 , $') is clearly 
a cohomology subtriple of (di, 8 2 , <&). Thus, by the stability of (<9i, <9 2 , <&), 

^ai,a 2 ,ri,T 2 (^l) ^2) < > 

i.e. {di,d 2 ,<t>) is (ai, a 2 , n, r 2 )-stable. 

Conversely, suppose that all cocycle triples, (<9i, <9 2 , </>), in 7r _1 (di, <9 2 , $) are 
(ai, a 2 , ri, r 2 )-stable. Let (8 l ,8 2 ,$') be any cohomology subtriple. Fix any repre- 
sentatives 4>'( resp. 0) of <&'( resp.$). Then the condition = r*(<I>) implies 
that i((p') = r(4>) + (8 1 o a' - a' o d' 2 ), for some a' G Hom(E' 2 , E{). Let 
a G O (X, Hom(E 2 , Ei) be any element such that ct o j = a/, where j : £ 2 <— ► £2 is 
the inclusion map. Then, since j is a holomorphic map, we get 

8\ o a! — a! o d' 2 = 8\ o a o j — a o j o d' 2 
= 8\ o a o j — a o 8 2 o j 
= r(di, 2 («)) 

That is, i(4>') = r(4> + 81^(0)), and hence (d' x , d' 2 , (/)') is a cocycle subtriple of 
(di, 8 2 , 4> + ^i,2(«))- Since 7r(<9i, <9 2 , 4> + ^1,2(0;)) = (81, 8 2 , <£•), it now follows from 
the stability of this cocycle triple that aija2jTl7T2 (£[, £ 2 ) < 0, i.e. (81,82,$) is 
(a±, a 2 , t\, T2)-stable. □ 

§2.4 Metric equations. 

In this section we describe the metric equations corresponding to the above defi- 
nitions of stability. Recall that for a triple (£\, £ 2 , $) with $ G H°(X, Hom(E 2 , E ± ), 
there is a Hitchin-Kobayashi correspondence between stability (as defined in [BGP]) 
and metrics satisfying the coupled vortex equations. As equations for metrics Hi 

„„J TJ Z7> „„J Z7> 1-1 „ 
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iAF Hl + = nl , (2.4.1a) 

iAF H2 - = r 2 I . (2.4.1b) 

where $* denotes the adjoint with respect to the metrics Hi and H 2 . To obtain 
the analogous equations corresponding to (ai, a 2 , t±, T2)-stability of a p-cohomology 
triple, we need the following operations on form-valued sections of bundles over 
Kahler manifolds (cf [W]). 

A : Q p ' q (X, E) x n k > l (X, E*) — ► tt p+k > q+l (X, C) , (2.4.2) 

o : QP'i(X, Hom(E u E 2 )) xO M (X, Hom(E 2 , Ei)) — > Q p+k ' q+l (X, Ham{E u E x )) , 

(2.4.3) 

* E : fF' 9 (A, E) — > O n - p ' n - 9 (X, E*) . (2.4.4) 
These are defined such that for ipi e Q p ' q (X, E), 

<fi A *e<P2 = (<fii, P2) — r (2.4.5) 

n! 

where is the Kahler form, and (0, VO is the inner product coming from the met- 
ric on E and the metric on forms of type (p,q). Also, for fa e O p ' 9 (X, Hom(E ll E 2 )), 
we have 

0i A *E<p2 = Tr((pi o *E<p2) (2.4.6) 

Definition 2.11. Given a p-cohomology triple (£1,82,^), and real parameters 
(ai, a2, ti, T2) we define the following equations for metrics on E\ and E2 and a 
representative cj) G Q°' P (A, Hom(E2, E±)) of the cohomology class 

iA ai F Hl +A n ((j)o * E( j>) = nl , (2.4.7a) 
iAa 2 F H2 - (-l) p A n (*^ o 0) = r 2 I , (2.4.7b) 

^ >2 (0) = O. (2.4.7c) 

Remarks 2.12. 

2.12.1 The sign of the terms involving are chosen such that Tr(A n ((p o ~*e4>)) 
and Tr((— l) p A n (*^0 o 0)) are positive. This will be important in section 2.6. 

2.12.2 The coefficients ai and a 2 will be assumed non-negative, and the param- 
eters (ai, a 2 , ti, r 2 ) must satisfy the constraint 

a-idx + a 2 d 2 - r x r\ - r 2 r 2 = . (2.4.8) 

2.12.3 The coupled vortex equations given in [BGP] correspond to the case 
p = and a\ = 0,2 = 1. There is however no good reason to single out these special 
values for ai,a 2 . This is most clearly seen in the symplectic interpretation of the 
equations, and will be discussed in the next section. We remark in passing that 
there is no need to add scale factors to the terms involving <p since these can be 
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§2.5 Moment maps. 

If we fix metrics K\ and K 2 on E\ and E 2: we can reduce the gauge groups to the 
real unitary groups (25i and <& 2 . In addition, Cj, i = 1, 2 and Q°' P (X, Hom(E 2 , E{) 
acquire symplectic structures in the usual way. We denote these by u>\, u> 2 , and 
u (o,p) respectively. A symplectic form on 

x (p) =dxC 2 x n >P(Hom(E 2 , E x ) , 

can be produced by taking the sum u\ + u 2 + tO(o, p )- This is, however, merely one 
possibility; given any real positive numbers ai and a 2 , we can form a symplectic 
structures on x by defining 

u ai ,a 2 = a\U)\ + a 2 u 2 + W( 0)P ) • (2.5.1) 

Lemma 2.13. The group <25i x <& 2 acts symplectically on (%, w ai)a2 ), and has a 
moment map 

^ ai ,a 2 ■■ X — ► Si x 02 

given by 

^ ai ,a 2 (Bud2 t (f>) = (a 1 AF Kl -iA n ( ( j ) o* E( j ) ),a 2 AF K2 -i(-l)PA n (* E( j ) o ( j ) ) . (2.5.2) 

proof. Exactly the same as for the p = case. The sign factor (— l) p comes from 
interchanging the order in a wedge product forms of type (0,p) and (n, n-p). 

If we define H%% tTl)Vl C & x C 2 x Q. >p(X, Hom(E 2 , EJ) to be the set of triples 
(di,d 2 ,(f>) on which solutions can be found to the coupled equations (a) and (b), 
then we have 

Proposition 2.14. There is a bijective correspondence 

C^c' >< *c <— > (*i 2 ("^b -<75)n 70/«i x ®2 ■ 

Unfortunately, there does not seem to be a way to realize the harmonicity con- 
dition as a moment map condition. 

§2.6 Hitchin-Kobayashi correspondence. 

In this section we show how our stability conditions follow as a consequence from 
the existence of solutions to the appropriate metric equations. 

Lemma 2.15. Let (£i,£ 2 ,(f)) be a p-cocycle triple (so <fi £ Q°' p (Hom(£ 2 , £\)) and 
d(4>) = 0). Let (ai,a 2 ,Ti,T 2 ) be any set of real numbers with > for i = 1,2, 
and such that 

a\d\ + a 2 d 2 - T\r\ - r 2 r 2 = . 

Suppose there are bundle metrics Hi and H 2 which satisfy the coupled equations 
(24.7a,b), i.e. 

iA ai F Hl +A n ((po * E( f)) = nl , 

iAa 2 F H2 - (-l) p A n (* E <p o </>) = T2 I . 

Let (£[,£ 2 ,(j)') be a locally free subtriple, i.e. suppose that %\ : £[ <^-> £\ is a 
subbundle of £\, £ 2 £ 2 is a subbundle of £ 2 , and <f>' G Q 0,1 (Hom(£ 2 , £[)) satisfies 
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Then 

©ai,a 2 ,Ti,T 2 (£l) S 2 ) — j 

u>ii/i equality if and only if (81,82, 4>) splits with (8[, S 2 , 4>') as a direct summand. 

Proof. Using the metrics H\ and H2 we can make orthogonal decompositions 8\ = 
8[ © [8\j S[) and 82—82® (82/82). With respect to these decompositions we can 
write 4> as 




(2.6.1) 



However, the definition of a subtriple requires that r(4>) = i(4>'), where r and <f> are 
the maps in 

H 0171(82, S{) — - — ► Hom(S 2 ,Si) < — - — Hom(8' 2 ,S[) ■ 
It follows that in (2.6.1) we have <fi" = <p' and </>-*-' = 0, i.e. 

(2 ' 6 ' 2) 

The conclusion now follows precisely as in the case of ordinary triples. More specif- 
ically, after writing the curvature terms with respect to the above orthogonal de- 
compositions of the bundles, the equations (2.4.7a,b) yield the following: 

iaiAF' Hi + iaiAUi + A n (</>" o + A n (</)' ± A * E (j)^) = nl[ , (2.6.3a) 

ia 2 AF' H2 + ia 2 AU 2 - (-l) p A n (0" A * E< />") = r 2 I 2 , (2.6.3b) 

We can take the trace of these equations, and use the fact that for any section 
</> E n°'P(Hom(S 2 ,S 1 )) we have 

Tr((-l) p A n * E( p A 0) = Tr(A n (j) A * E (j)) = \i(j\ 2 . (2.6.4) 

This gives 

aid[ + a 2 d' 2 + aiTr(iAUi) + a 2 Tr(iAU 2 ) + \^\ 2 = Tir[ + T 2 r' 2 . (2.6.5) 

The conclusion follows directly from this, since both Tr(iAUi) and Tr(iAH 2 ) are 
non- negative. □ 

We now consider p-cohomology triples over Riemann surfaces 

Theorem 2.16. 

Let (81,82,$) be a p-cohomology triple over a Riemann surface X (so $ G 
H P (H 0171(82, Si))). Let (ai, a 2 ,Ti,T 2 ) be any set of real numbers with a,{ > and 
satisfying the constraint 



„ j 1 „ j 



12 



STEVEN B. BRADLOW AND OSCAR GARCIA-PRADA 



Suppose there is a representative 4> G Q 0,P (H 0171(82,81)) for and bundle metrics 
Hi and H2, which satisfy the coupled equations (2.4-7a-c). Then (81,82,$) is 
(a±, a,2, ti, T2)- stable. 

Proof. Since X is a Riemann surface, all subtriples are locally free. Let (£{,£3, $') 
be any such subtriple. To prove the Proposition we need to show that 

^oi,o 2 ,ti,t2 ^2) < • 

Notice that by equation (2.4.7c), is the harmonic representative of $ with 
respect to the metrics Hi and H 2 . Using the induced metrics on 8[ and 8' 2 , take 
the harmonic representative, 0', of <&'. We claim that £2, <j)') is a subtriple of 
the 1-cocycle triple (£i,£2,0), i- e - we claim that r(0) = i(0'). This will prove the 
proposition, since then by Lemma 2.12, we have aita2tTljT2 (8[, 8' 2 ) < 0. 

We now prove our claim. From the very definition of the maps induced by r 
and i in cohomology, we get that r(4>) = i{4>') + d(a), where a G Q°(Hom(8 2 ,8i)) 
and 9 denotes the operator induced by d 2 and d\. With respect to the orthogonal 
decompositions 81 = 8[ © (81 /8[) and £2 = £2 © (£2/82) we can thus write 

0' + /?" 0'^\ 

where 9(a) = j3" + (3 1 - . But harmonic representative are norm minimizing. Thus 
\\(f>' + P"\\ 2 > ||0'|| 2 , and therefore 

M\ 2 > 

Thus we get ||0|| 2 > ||0 — 9(a) || 2 , which is a contradiction unless 9(a) = 0. □ 

§3 Extensions 

The case of 1-cohomology triples deserves special attention because of the fact 
that a 1-cohomology class $ G H x (Hom(82, £1)) can be interpreted as an extension 
class for extensions of £2 by 8\. This can be exploited to study moduli space 
questions for the set of all such extensions, i.e. for the set of all short exact sequences 

— > 81 — > £ — > £ 2 — > , (e) 

where £1 and £2 have fixed underlying smooth bundles (denoted by E\ and E 2 
respectively) . 

Such extensions can also be considered from the point of view of the bundle £. 
This leads to a metric problem and definition of stability that appear somewhat 
different to the ones considered in the previous section. In this section we discuss 
such an approach. In the next section we indicate the relationship between the two 
approaches. 

Let us begin therefore with a compact Kahler manifold X, and a holomorphic 
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§3.1 stability. 

To formulate the stability condition, we consider extensions as objects in the 
category of short exact sequences of coherent sheaves of the form 

— > Fx — > F — > F 2 — > . (f) 
A morphism of two extensions is defined by the commutative diagram 











-> Fx 

h 



-> F 

F 



F 2 







(3.1.1) 



-> 0. 



Remark 3.1. This category is abelian. In particular, 

— ► ker fx — > ker / — > ker f 2 

and 

— > Imfx — > Im/ — > Im/ 2 - 

are the kernel and image of the map F in (3.1.1). 
A subobject of (f) consists then of an extension 



0, 



0, 



— >F[ — >F' — > F' 2 — ► 0, 
and injective maps ix, ii-, i such that the following diagram commutes 

► Fx > F > F 2 



(f) 











il 



-+ F' 



1-2 







-> 0. 



(3.1.2) 



The extension (f) will be called a subextension of (f). 

Lemma 3.2. Let us consider the extension (f). Any sub sheaf i : F' ^ F defines 
a subextension of (f). 

Proof. Let g : F' — >■ F 2 be the map obtained by composing % with the surjection 
F — ► F 2 . Then 

— > ker g — > F' — »■ Im^ — ► 

is the desired subextension. □ 

There is hence a one-to-one correspondence between subsheaves of F and subex- 
tensions of (f). 

Definition 3.3. Let e be the extension 



— ► Ex — > £ — ► 

and e' the subextension 

— >£[ — > £[ — > 
For aGRwe define the a-slope of e' as 

fjt a (e') = n(£') + a 



So 



£'o 



o 



rank£ 2 
rank£' 



(3.1.3) 
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Definition 3.4. The extension e is said to be a-stable (resp. semistable) if and 
only if for every subextension e' C e (resp. e' C e) 

Ata(e') < A*a(e) {resp. <). (3.1.4) 

Remark. If a = 0, then a-stability is equivalent to ordinary stability. 
Proposition 3.5. Let e 6e a-stable, then 

a > fi(Si) - \i{£ 2 ). (3.1.5) 

Proof. It suffices to apply the numerical stability condition to the trivial subexten- 
sion 

— ► £i — >£i — > — > 0. 

□ 

On the other hand we will see later (when dealing with the Donaldson functional) 
that a < 0, and hence in order for e to be a-stable it is necessary that a lies in the 
interval 

(M£i)-M£ 2 ),0]. (3.1.6) 

As usual this interval will be subdivided by some critical points, and the stability 
condition will just depend on the subinterval. Moreover one has the following. 

Lemma 3.6. There is some e > such that for a in the interval 

(fi(E 1 )-/j(E 2 )^(E 1 )-/j(E 2 )+e) , 

the following is satisfied: 

(1) If e is a-stable, then £\ and £ 2 are semistable. 

(2) If £\ and £ 2 are stable then e is a-stable. 

Proof. The proof is essentially identical to that of Proposition 2.9. In fact, in 
view of the results of section 4.2, this result can be treated as a special case of 
Proposition 2.9, corresponding to the case p = 1, a± = a 2 = 1. We can also give a 
direct proof which depends on an examination of the a-stability condition for special 
sub-objects. In this case the subobjects are subextensions with either £' 2 = or 
£[=£!. □ 

§3.2 metric equations. 

Given an extension 

— > £i — > £ — > £ 2 — > , (e) 
the natural metric problem is to look for a metric H on £ satisfying the equation 

^=(f ,y . (3.2,) 

Here t\ and r 2 are real numbers an I\ and I 2 are the identity endomorphisms in 
Ei and E 2 respectively. We can make sense of the right hand side since the metric 
H on £ gives a C°° splitting of {E), i.e. an identification of the smooth underlying 
bundle to £ with E 1 © E 2 . 

Remark. If n = t 2 = A, equation (3.2.1) reduces to the Hermitian-Einstein equa- 
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Proposition 3.7. If H satisfies (3.2.1), then the parameters T\ and t 2 are related 
by 

rin + r 2 r 2 = di + d 2 , (3.2.2) 

where r\ = rank£\, r 2 = rankSi, d\ = deg£i and d 2 = deg£ 2 . 

Proof. This is easily proved by taking the trace in both sides of (3.2.1) and inte- 
grating. 

§3.3 Hitchin-Kobayashi correspondence. 

We first prove that a-stability is a necessary condition for existence of solutions 
to the equation (3.2.1). 

Proposition 3.8. Let e be the extension of vector bundles 

— > £i — > £ — > £ 2 — > 0, (e) 

and fe£ ri and r 2 satisfy (3.2.2). Set a = T\ — r 2 . If £ is indecomposable and admits 
a metric H satisfying the metric equation for extensions (e), then e is a- stable. 

Proof. We need to show that n a {e') < jii a (e) for every subextension e' 

— > £[ — > £[ — >£' 2 — > . 

The proof is a minor modification of the analogous result for the ordinary Hitchin- 
Kobayashi correspondence. Consider first the locally free subextensions, i.e. the e' 
in which £[ and £' 2 are locally free. Denote the underlying smooth bundle for £' 
by E', and let E 1 - be its orthogonal complement with respect to H. Then with 
respect to the smooth orthogonal splitting E = E' ® -E 1-1 , we get the block diagonal 
decomposition 

TAF' + IT * 



- 1A ^=( v . . /iitaf 1 - - n- 1 i (3 - 3 - 1) 



* 



where AF' and AF 1 - are the induced metric connections on £' and £~ L respectively, 
and n 7 ,!!- 1 - are positive definite endomorphisms coming from the second fundamen- 
tal form for the inclusion of E' in E. With respect to this splitting of E, the 
endomorphism on the right hand side of the metric equation is no longer diagonal, 
but has the form 

r * \ A fnh o ^ „_! 



j ~" v o t 2 i 2 i A ' (3 - 3 - 2) 

where the matrix A gives the transformation from the frame E\@E 2 to E' (BE- 1 -. 
If we make the further orthogonal decompositions of E\ and E 2 into components 
m E' and E L , then 

E 1 © E 2 = E[ © © E' 2 © E^ , 



and 



£' © F x = E[ © F 2 © F^ © E. 



With respect to these frames, the transformation A is represented by 

(3.3.3) 



(A o o 
o o r 2 
o it o 
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In fact, all we need is the trace of T' . It follows by a straightforward linear algebra 
computation that 

Tr(T') = rin + r' 2 r 2 , 
where r[ =rank£{ and r' 2 =rank^- We apply this to the condition 

v^AF' + n' = T' , 

which can be extracted from the full metric equation. After taking the trace and 
integrating over X, we thus get 

/ Tr(«/=1AF') + / Tr(n') = r' x T X + r' 2 r 2 . (3.3.4) 
Jx Jx 

Using the Chern-Weil formula for deg(£'), and the positivity of IT', we obtain 

deg(S') < r' lTl + r' 2 r 2 , (3.3.5) 

with equality if and only if IT' = 0, i.e. if and only if £ splits. If a = T\ — t 2 , and 
//<*(£') is as in Definition 3.3, then (3.3.5) is equivalent to /J, a (e') < /J, a (e). This 
proves the result for locally free subobjects. If e' is not locally free, then there is 
a subvariety E C X of codimension at most two, such that £'\x-t, is locally free. 
We can thus apply the above arguments over X — E. This is good enough, because 
of the size of the codimension of E. □ 

We now prove that a-stability is a sufficient condition for existence of special 
metrics as defined the deformation of the Hermitian-einstein equations given in 
(3.2.1). That is, we prove 

Theorem 3.9. Suppose that a < and 

— >£i — >£ — >S 2 — >0 

is an a-stable extension. Let t\ and t 2 be such that a = t\ — t 2 and deg(E) = 
r\T\ + r 2 r 2 . Then there is a metric H on £ satisfying the equation (3.2.1), i.e 

«*- (o °) 

The proof is an adaptation of the methods used in [Do] (also [S] and [U-Y]) 
in proving the Hitchin-Kobayashi correspondence for ordinary stable bundles. As 
shown by Donaldson, the Hermitian-Einstein equation is the equation satisfied by 
the critical points of a certain functional defined on the space of Hermitian metrics 
on £. We shall modify this functional to show that our equations appear in the 
same way. 

Just as in the case of the Hermitian-Einstein equation, we can separate out the 
Trace and Trace-free parts of the equation. We can fix the determinant of the 
metric on E to satisfy the trace part, 
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The problem then becomes one of finding a new metric with this same determinant, 
and which satisfies 

' A ^=(% a _i a ) (3-3.7) 

where a = t\ — r 2 . 

Recall Donaldson's original functional to prove existence of solutions of the 
Hermitian-Einstein equation: Let £ be a holomorphic vector bundle over a com- 
pact Kahler manifold (X,oj). Donaldson defined a functional M{— , — ) on pairs of 
Hermitian metrics on £ using Bott-Chern secondary classes. Namely 

M{H,K)= [ (R 2 (H,K) -2XR 1 (H,K)uj) A u n ~\ (3.3.8) 
Jx 

where 

Ri(H,K) = logdet^ -1 ^) = Tr^ogK^H) (3.3.9a) 

iddR 2 (H,K) = (-Tr(Fj-)) - (-Tr(F^)), (3.3.9b) 

A = ^§. (3.3.9c) 
rank£ 

Now fix a smooth background metric K, with determinant satisfying (3.3.6). Let 

S{K) = {se n°(X, EndE)\s* K = s , Tr(s) = 0} . (3.3.10) 

Then any other metric with the same determinant as K can be described by Ke s , 
with s E S(K). Fix an integer p > 2n, and define 

Met£ = {H = Ke s s e L P 2 (S{K))} . (3.3.11) 

Let M : Met(£) — > R be given by M{H) = M(K, H). The important property 
of M is that H is a critical point if and only if H satisfies the trace free part of the 
Hermitian-Einstein equations , i.e. 

iA-Ftf = 0. 

Consider now the extension 



— >£i — ► £ — > £ 2 — ► . (e) 

Given a background metric K on £ we can (smoothly) identify £ 2 with the orthog- 
onal complement of £\ in £, and in this way get metrics K\ and K 2 on £\ and £ 2 
respectively. Any other metric H can similarly be split into Hi and H 2 (by using 
an ff -orthogonal splitting of £). Denote 

M D {H,K)= [ R 2 {H, K) A cu n_1 . (3.3.12) 
Jx 

Let ti and r 2 be real parameters. We shall consider the functional 

M TltT2 (H,K) = M D (H,K)-2 [ (ni^i, K x ) + r 2 Ri{H 2 , K 2 )) A u n . (3.3.13) 

Jx 

Remark. If r± = r 2 = A, then M Tl:T2 (H, K) = M(H,K), as can be easily seen 



18 STEVEN B. BRADLOW AND OSCAR GARCIA-PRADA 

Lemma 3.10. Let H and K be Hermitian metrics on £ and Let H\, K\ and H 2 , 

K 2 the corresponding metrics induced on E\ and £ 2 respectively, then 

R 1 {H, K) = i?^, K x ) + R^Ht, K 2 ). 

Notice that R\{H,K) = if the metrics have fixed determinant. We can thus 
simplify our definition to 

M Tl}T2 (H,K) = M D (H,K)-2(r 1 -r 2 ) [ Ri(Hi, K\) A u n . (3.3.14) 

Jx 

Let us fix K and define 

M T1 , T2 (H) = M T1 , T2 (H,K). (3.3.15) 
Define m° : Met — ► Q°(X, EndE) by 

m°(H) = AF° e H + V^1T° H , (3.3.16) 

where, with respect to the orthogonal splitting E = E\ © E 2 determined by H, 



T° H =l Tl : 1 U T )-Tr 



nli 


) 





r 2 I 2 J 


r 








r 



Tlh 
T 2 I 2 



The crucial properties of M TljT2 are described in the next proposition. 

Proposition 3.11. 

(1) Given any three metrics H, K, J , we have 

M T1 , T2 (H, K) + M TUT2 {K, J) = M T1 , T2 (H, J), 

(2) IfH(t) = He ts with s G S{H), then 



±M Tl , T2 (H(t)) = 2i ^Tr(sm°(H(t))). 



w s 2 

E = Ei © E 2 determined by H , then 



S 1 u 

(3) If s G S(H) is given by s = ( * ) with respect to the orthogonal splitting 



^M Tl , T2 (H(t))\ t=0 = 2zJ x Tr^sf t m (H(t))\ t=0 
= || D' H (s) || 2 -a || u || 2 



Proof. 
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(2) Chose a frame for E such that H can be written as 

#1 

H 2 

that is a frame in which S\ and £2 are i7-orthogonal. In terms of this frame we can 
write 

s = ( Sl U 
\u* s 2 

where s± G S(Hi), S2 G S(H2) and u G Hom(£ , 2, E\). We have to show that 

!* n .„(*M)l« = a J x ^(siAF%- J ah )) 

= 2iJ Tr (sAF£ (t) ) - 2z« ^ Tr( Sl ) . 

From [Do] we know that -^MD{H(t)) = 2i f x Tr ^sAFj^ t ^, so it remains to com- 
pute ■^R 1 (H 1 (t), -H"i)|t=o- If we write 

H(t) = He ts = H ( * 



with respect to the H-orthogonal frame, then 

t 2 

#1) = log detfci(t) = lo § det (! + ts i + — ( s i + uu l + °( t3 )) ■ (3-3.17) 

2 

A straightforward computation yields the result 

j t R 1 (H 1 (t),H 1 )\ t=0 = Tr(s 1 ) . 
(3) It follows from (400) that 

^R 1 (H 1 (t),H 1 )\ t=0 =Tr(uu*) = \u\ 2 . 
The result now follows from this, plus the fact that 

jM D {H{t)) =|| D' H (s) f . 

□ 

Notice that as a consequence of (1) and (3) in Proposition 3.11 we get 
Proposition 3.12. Suppose that a < and (e) is an a-stable extension. Then 
(1) 

^M TuT2 (H(t))>0 
(2) Ker(L) = 0, where L is the operator on L^{S{H) defined by L(s) = 

Proof. Both of these statements follow from the fact that if s is as in (3) and 
L(s) = 0, then d\(si) = ^2(52) = u = 0. The eiegenspaces of s thus split the 
extension (e) into a direct sum of extensions. This violates the stability criterion, 
since the a-slope inequality cannot be satisfied by both summands. □ 
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Lemma 3.13. Suppose that a < and let H = Ke s with s G L^S^)). Let s = 

^ ™ ^ be the block decomposition of s with respect to the orthogonal splitting 

E = E\ © Ei determined by K . Let $ :lxl — ► R be the smooth function as in 
[B] (or [S]). Then 



M T1 



yT2 (H) = V^T [ Tr(sAF K ) + [ (V(s)d E s, d E s) K - 2aR 1 (H 1 , K x ) 

Jx Jx 

> V^T [ Tr(sAF K )+ [ (q(s)d E s,d E s) K - a [ Tr( 8l ) 

Jx Jx Jx (3.3.18) 

where the meaning of^(s) is as in [B] or [SJ. 

Proof. The first line follows from the computations in [S] (or [Do]). The second 
uses the convexity properties of the function R\(H(t)\,K\), and the fact that its 
first derivative at t = is given by J x (Tr(s\). 

This is slightly weaker than the analogous result for the original Donaldson 
functional, but is strong enough for our purposes. 

The rest of the proof of Theorem 3.9 is precisely along the lines of the analogous 
result in [S]. We give here a sketch of the main ideas. Fix a real number B such 
that || m°(K) f LP < B (where || m°(K) f LP = J x \m°(K)\ p K dvol). Define 

Met p 2 (B) = {He Met p 2 \ || m°(H) f LP < B } 

We look for minima of M TltT2 (H) on M.et\{B\ As in the case of the unmodified 
Donaldson functional, if the extension (e) is a-stable, then there are no extrema on 
the boundary of this constrained space, and the minima occur at solutions to the 
metric equation m°(H) = 0. 

To show that minima do occur, we need 

Proposition 3.14. Either (e) is a-stable or we can find positive constants C\ and 
C<i such that 

sup\s\< dM Tl}T2 (Ke s ) + C 2 

for all Ke s G Met p (B), 

sketch of Proof. As in the case of the unmodified Donaldson functional, one first 
shows that for metrics in the constrained set Met^-B), the C° estimate given above 
is equivalent to a C 1 estimate of the same type. One then supposes that no such 
estimate holds. It follows that one may find a sequence {ui} C L^(S'(K) such 
that || Ui \\l 1= 1- This has a weakly convergent subsequence in L\(S(K), with 
non-trivial limit denoted by u^. One then shows that the eigenvalues of tioQ are 
constant almost everywhere. This is done, as in [S], by making use of an estimate 
of the form: 

Proposition 3.15. Let T : M. x H. — > M. be any smooth positive function which 
satisfies ^(x^y) < l/(x — y) whenever x > y. Then 

v 73 ! / Tr( Uoo AF K ) + [ (j r (u 00 )d E u 00 ,'d E u 00 )K ~ ct [ Triu^.) < , (3.3.18) 
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where «oo = ^ M( ^ > ' 1 with respect to the splitting of E determined by K. 

Proof. This follows from the analysis in [S], plus the estimate given in Lemma 
3.3.13. 

Since Tr(uoo) = 0, there are at least two distinct eigenvalues. Let Ai < A2, . . . , < 
Afc denote the distinct eigenvalues. Setting a* = Aj+i — Ai, one can thus define 
projections 7T; e L\{S{K)) such that 

fc-i 

Woo = A r I - ^2 a « 7r * (3.3.19) 

i 

By an important result of Uhlenbeck and Yau (cf. [U-Y]), the 7T; define a filtration 
of £ by reflexive subsheaves 

£ 1 c£ 2 c---c£ k = £ 
Each subsheaf £j determines a subextension 

— > £i,j — ► £j — ► £2,3 — ► . 
Now define the numerical quantity 



fci 

Q = \ k (rfj,(£) - rin - r 2 r 2 ) - ^ ai(rifi(£i) - n^n - r 2 , l T 2 ) , (3.3.20) 

i 

where /it(£j) is the slope of £j, and r ffl) i is the rank of £ a ,i- 

Using Lemma 3.3.13 and the fact that «oo = A r I — 1 a^i^ one shows (by 
precisely the method in [S]) that Q < 0. On the other hand, t\ and r 2 are related 
by rfi(£) — r\T\ — r 2 r 2 = 0, and if (e) is a-stable, then 

rin(£i) - n^Ti - r 2jl r 2 < 

for alH = 1, . . . , k— 1. Thus Q > if (e) is a-stable. This proves the proposition. □ 

To complete the proof of the Hitchin-Kobayashi correspondence, it remains to 
show that the minimum of M TljT2 is a smooth solution to the equation (3.2.1). This 
is done exactly as in [Do] or [S]. 

§3.4 An example. 

As an example, we can consider the case where E\ = L\ and E 2 = L 2 are line 
bundles over a Riemann surface. We assume further that d\ < d 2 , where di denotes 
the degree of L\. Let us denote such extensions by 

— > d — > £ — > C 2 — > . (1) 

o; 1: — 1 Jl„„ „ j.:„„ll.. „j-„ui„ T „™™„ o c/i \ „;,.„„ 
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Lemma 3.16. Let L\ and L 2 be as above. Then there is some e > such that all 
extensions (/) as above are a-stable, for any a in the interval 

(di - d 2 , di — d 2 + e) . 

We can give a more detailed analysis. The main reason for this is that the 
possibilities for sub-extensions are so restricted; they all correspond to rank one 
(i.e. line-) subbundles of £, are are of one of two types. The only possibilities are 

— >d — >d — >0 — >0, (3.4.1) 

or 

— >0 — >£ — > £ — ► . (3.4.2) 
Computing the a-slopes, we see that 

f i a (0,C 1 )=d 1 , (3.4.3) 
Ata(AO) =d c + a . (3.4.4) 

From this we see that if (/) is a-stable, then 

< di - d 2 < a < dx + d 2 - 2d c (3.4.5) 

for all subbundles C ^ L\. Now define 

div{8) = Max{dc \ dc is the degree of a line subbundle of £} . (3.4.6) 

Lemma 3.17. If 

0<d 1 -d 2 <d 1 + d 2 - 2div(£) , (3.4.7) 
then (/) is a-stable for any a in the interval {d\ — d 2 , d\ + d 2 — 2div(£)). 
Proof. Given any a such that < di — d 2 < a < d\ + d 2 — 2div(£), we get 

d 1 < /j a (£) = (d 1 + d 2 )/2 + a/2 , 

and 

d c + a < (dx + d 2 )/2 + a/2 . 

By equations (3.4.3) and (3.4.4), and the above remarks concerning the possible 
subextensions of (/), this is all we need to check. □ 

Furthermore, the range for a is clearly partitioned into intervals of length 2, with 
the boundaries at the values {di — d 2 , d± — d 2 + 2, . . . , d 2 — d\ — 2, d 2 — di}. 

Proposition 3.18. Let L\ and L 2 be as above, and let (/) denote an extension as 
above. 

(1) For a in the interval (d± — d 2 , d\ — d 2 + 2), all non-trivial extensions (/) are 
a-stable. 

(2) Suppose that ai > a 2 > di — d 2 . If (/) is ai-stable, then it is a 2 -stable. 

(3) For a > —2, if (/) is an a-stable extension, then £ is a semistable bundle 

(4) For a > 0, if (/) is an a-stable extension, then £ is a stable bundle 

(5) If £ is a stable (resp. semistable) bundle, then for any d\ — d 2 < a < 
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Proof. Part (1) follows from the fact that div(S) < d 2 , with equality possible if 
and only if the extension is the trivial one (cf. [G]). Thus for any non-trivial 
extension, we have d\ + d 2 — 2div(£) > d\ — d 2 . Now use Lemma 3.16. Part (2) 
follows from the observation that for any subextension of the type in (3.4.2), we 
have A*a(A0) - fjL a {£) = d c - + § • Parts ( 3 ) and ( 4 ) both follows from 

the observation that if (/) is a-stable, then div{£) < {d\ + d 2 )/2 — a/2. Part (5) 
follows from Lemma 3.16 and the fact that if £ is stable (resp. semistable), then 
div(£) < (di + d 2 )/2 (resp. div{£) < {d 1 + d 2 )/2. □ 

We thus get the following picture. Let 

£xt(Li, L 2 ) = { all extensions — > d — > £ — > C 2 — > 0} , (3.4.8) 

and let £xt*(Li, L 2 ) C £xt{L\,L 2 ) denote the non-trivial extensions. Given an 
integer k, define 

£xt k (L 1 , L 2 ) = {(/) G £xt(L l , L 2 ) \ (/) is a-stable, and k < a < k + 2} (3.4.9) 
Set 

£xt- 2 (Li, L 2 ) if (d\ — d 2 ) is even 
£xt_(L 1 ,L 2 ) = { (3.4.10) 
1 £xt- 1 (L ll L 2 ) if [d\ — d 2 ) is odd 



and 



{£xto(L-\, L 2 ) if (d\ — do) is even 
P . fT r . f . . • • (3.4.11) 

£xti(Li,L 2 ) if yd\ — d 2 ) is odd 



Also define 



£xt s (L 1 , L 2 ) = {(/) G £xt*(L 1 ,L 2 ) | £ is a stable bundle} , (3.4.12) 

£xt ss (Li 7 L 2 ) = {(/) G £xt*(L 1 , L 2 ) | £ is a semistable bundle} . (3.4.13) 
Then we can summarize proposition 3.18 by the diagram 

£xt dl - d2 (L 1 , L 2 )D £xt dl - d2+2 (L 1 , L 2 ) D. . .D£xt-(L 1 , L 2 ) D£xt + (L U L 2 ) 



£xt*(L l ,L 2 ) 



£xt ss (Li, L 2 )D£xt s (L 1 ,L 2 ) 

(3.4.14) 



§4 1-COHOMOLOGY TRIPLES, EXTENSIONS, AND SURJECTIVE TRIPLES 

The correspondence with 1-cohomology triples is not the only way that exten- 
sions as in Section 3 are related to triples. Given an extension (e) as in §3, one can 
extract a (o-cohomology) triple (£ 2 ,£,tt). Conversely, given a triple {£ 2 ,£,-k) in 
which E = E\® E 2 and 7r is surjective, we get an extension of £ 2 by £\ = Ker(n). 

In this section we compare and relate notions of stability, moduli spaces, equa- 
tions for special metric, etc. for 

(1) 1-cohomology triples on (Ei,E 2 ), 

(2) extensions on (Ei,E 2 ), and 

l 3 I siiripntivp ( n-nnhnmnlno'vl trinlps nn ( En E\ 
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§4.1 Configuration spaces. 

We begin with some definitions. Let E\ and E 2 be (as usual) smooth bundles over 
X, and fix E = E\ © E 2 as a smooth bundle. Holomorphic bundles with these as 
their underlying smooth bundles will be denoted by Si, Si, S respectively. 

Definition 4.1. 

(1) A surjective triple on (E 2 , E) is a (0-cohomology) triple, (S 2 ,S,tv), in 
which tv : S — > Si is a surjective map. Set 



H S (E 2 ,E) = {(S 2 ,S,tc) : it is surjective} . 



(2) Denote by SX(Ei, E 2 ) the set of all holomorphic structures on E which can 
be described as extensions of S 2 by Si, i.e. 



SX(Ei,E 2 ) = {Q-^Si 



0}. 



Recall also, from §2, that 

H {1 \Ei,E 2 ) = {(Si,S 2 ,§) \§eH\Hom{S 2 ,Si)) } 

is the space of 1-cohomology pairs on (Ei, E 2 ). 

On each of H S (E 2 ,E), SX{E 2 ,E X ), and H W (E 1 ,E 2 ) there are natural equiva- 
lence relations. 

Definition-Lemma 4.2. 

(1) In 1iy-\Ei, E 2 ), the equivalence relation is given by the action of the group 

(2) In SX{E 2 ,Ei) there are two equivalence relations to consider: We say that 
two extension S and S' in SX{E 2 , Ei)are weakly equivalent, denoted by 
S ~ S' if there is a commutative diagram 











Si 



gi 



■+ S 

9 



s' 



■+ 



92 



f' 



-> 



where gi,g 2 , and g are bundle automorphisms of the underlying smooth 
bundles. 

We say that S and S' are strongly equivalent, denoted by S ~ S' if 
Si = S[ for i = 1,2, and there is a commutative diagram 











Si 



Si 



-> s 

9 



S' 



-> 



-> 



where g is a bundle automorphism of E. 
(3) We can similarly define weak and strong equivalence for surjective triples: 



r „j. (c c _\ 1 i ci ci _n i.„ „„.„„• — ,4-a 



,7„„ „•„ U I TP TP\ 1ir„ „ J-I,„J- 
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{82,8,11) and (82,8' ', 7r') are weakly equivalent, denoted by (82,8,11) ~ 
(82,8',%'), if there is a commutative diagram 

8 — > £ 2 ► 

5' — ^ ► 

where (72 awd # ore bundle automorphisms of the underlying smooth bundles. 

We say that (82,8, it) and (8' 2 ,8' , it') are strongly equivalent, denoted 
by (82,8,11) ~ (82,8' , %'), if there is a commutative diagram 

8 — > £ 2 ► 



5' — 8' 2 > 

where g is a bundle automorphism of E. 

The relationships between these spaces can be seen as follows. With Z^(E 1 ,E 2 ) 
as in (2.1.2), we have a map 

f:Z 1 (E 1 ,E 2 )^8xt(E 1 ,E 2 ) . (4.1.1) 

Indeed, it is clear that given an element (<9i, <9 2 , </>) £ 2 1 (E 1 ,E 2 ) we can define 
a <9-operator on i? = ^ © £ 2 by 

dE ~{o d 2 

This in turn defines an element in 8xt(E\, E2). Conversely, given an element 

— ► £1 — > £ — > £ 2 — > o 

in 8xt(E\, E2), by choosing a metric on £ we can identify the smooth underlying 
bundle to 8 with Ei © E 2 , and in this way we can define an inverse to (4.1.1). 
This does however depends on the choice of the metric. In order to get a metric- 
independent map, we need to consider the image in 7i^\ rather than in Z^K This 
is because two different metrics on 8 define second fundamental forms <p an d (/>' 
that are related by 0' = + d\^ct for a € 0°(Hom(E , 2, Ei)). Moreover this map 
induces a bijection 

^«H'(£„ft), (4.1.2) 

where ~ denotes strong equivalence. 

Similarly, by identifying 8\ with Ker(ir), we see that there is a bijective corre- 
spondence between extensions in 8xt(E\, E 2 ) and surjective triples in H S (E2, E). 
Furthermore, this correspondence holds at the level of weak or strong equivalence 
classes 

Let <&i and be the complex gauge groups of E\ and E 2 respectively. It is 
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Proposition 4.3. There are one-to-one correspondences 

H S (E 2 ,E) £xt(E u E 2 ) n 1 (E 1 ,E 2 ) 

When we speak of a moduli space of extensions supported by the smooth bun- 
dles Ei and E 2 , it is the quotient £xt ^ E ^^ E ^ that we have in mind. We will de- 
note equivalence classes in each of these quotients by square brackets, thus for 

( E E 1 

example, [Si, S 2 , $] is a class in . 

§4.2 Stability. 

In view of the above bijections, it makes sense to compare the stability properties 
of the surjective triples, of the 1-cohomology triples, and of the extensions. This 
comparison is made considerably easier if we formulate the respective notions of 
stability in a uniform way. For this, we use the functions aiia2jTltT2 defined earlier. 

Recall that for an ordinary triple, the definition of r-stability in [BG-P] is equiv- 
alent to {1, 1, t, r'j-stability as defined in §2.2, with r and r' being related by 
di+d 2 = riT+r 2 r' . Similarly, taking the special values {a\, a 2 , t\, t 2 } = {1, 1, r, t'} 
for a 1-cohomology triple, and defining a = r — r' , we get 

Definition/Lemma 4.4. The 1-cohomology triple (Si,S 2 , $) is said to be a-stable 

if for all subtriples, (S[,S 2 ,<&'), we have 



H a (S'i,S' 2 ) < fi a (Si,S 2 ) , 



where 



r 1 -t- r 2 

This is equivalent to (1, 1, t, t — a) -stability, as defined in Definition 2.7 

Now let (S 2 ,S, 7r) be a surjective triple corresponding to the 1-cohomology triple 
(Si,S 2 ,$>), i.e. [S 2 ,S,tv] = [5i,^2,^] under the bijection in Proposition 4.3. If we 
compare the stability of (S 2 , S, 7r) and (Si, S 2 , $), we find that we need to introduce 
a slightly restricted form of stability for the surjective triple. We will refer to this 
as surjective stability, with the precise definition as follows: 

Definition 4.5. Given a surjective triple (S, S 2 , n), we say that a subtriple (S', S 2 , n') 
is a surjective subtriple if tv : S' — ► S 2 is surjective. 

Fix real numbers {ai,a 2 ,Ti,r 2 } such that aidi+a 2 d 2 — Tiri — r 2 r 2 = 0, i.e. such 
that O ai; a 2;Tl ^ T2 (S,S 2 ) = 0. We say that the triple is {ai,a 2 ,Ti,r 2 }- surjectively 
stable if 

^a 1 ,a 2 ,T 1 ,T 2 (£ < 

for all surjective subtriples (S',S 2 ,tv'). 

Remark. In some cases surjective stability is equivalent to full stability. For ex- 
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Proposition 4.6. If a\ = a^, and T\ — T2 > 0, then {ai, 0,2, Ti, T2}- surjectively 
stability is equivalent to {a±, 0,2, n, T2} -stability for a surjective triple. 

Proof. It is clear from the definitions that stability implies surjective stability. Con- 
versely, suppose that (£,£%, ir) is a surjective triple which is not {a\, 0,2, t\, T2}- 
stable. Let {E'^E^ti') be a destabilizing subtriple, i.e. suppose that {£' ,£ 2 ,7r') is a 
subtriple (not necessarily a surjective subtriple), such that 

^a 1 ,a 2 ,T 1 ,T 2 (E 1^-2) — • 

Suppose that (£',£ 2 ,7r') is not a surjective subtriple. Let tt'(£') be the image of 
the sheaf map, and denote by -n- -1 ^) the subsheaf of £ defined by 

— ► Ker(n') — ► tt" 1 ^) — > £' 2 — ► . 

Then (£', 7r'(£'), n)' and (7T~ 1 (E 2 ),£ 2 , ir') are both surjective subtriples of (£, £2, 7r). 
We will show that if ©ai,a 2 ,Ti,T 2 (£'> ^2) > 0> then at least one of these two surjective 
subtriples must likewise be destabilizing. 

By their definition, the surjective subtriples lead to the following diagram: 



► tt-^E^/E' ► £2/^(^2) > 

► Ker(n') ► ^"H^) ► ^2 ► 

► Ker(n') > £' ► n'(£ 2 ) ► 

It follows that 

degin- 1 ^)) - deg(E') = deg(£' 2 ) - deg^' {£' 2 )) 
rank(n~ l (£ 2 )) — rank(E') = rank{£ 2 ) — rank(7r'(£ 2 )) 

Using this, a computation yields the relation 

2@ai,a2,Ti,T 2 (^ / )^2) = [®ai,a 2 ,Ti,T 2 (£'> I*' (£')) + ©ai ,a 2 ,ri ,r 2 H^))^)^ 

+ (ai - a 2 )A d + (r 2 - ri)A r , 

where 

/\ d = deg(-K-\£' 2 ))-deg(E') , 
A r = rank{-K~ l {£ 2 )) — rank(E') . 
The result follows from this, since A r > 0. □ 
Remark In general, this relation between surjective stability and full stability 
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Proposition 4.7. Let (£ 2 ,£,tv) and (£i,£ 2 ,&) be related by [£i,£ 2 ,&] = [£ 2 ,£,tv] 
under the bisection of Proposition 4-2. Let {a±, a 2 , r±, t 2 } be any set of real number 
such that a\d\ + a 2 d 2 — T\r\ — r 2 r 2 = 0. Then the following are equivalent 

(1) The 1-cohomology triple (£\,£ 2 ,3>) is (ai, a 2 , t±, t 2 )- stable, 

(2) The surjective triple (£ 2 , £, tv) is (a 2 — ai, ai, T2 — Ti, Ti, )-surjectively stable. 

Proof. The proof of this Proposition depends on the following lemma, which de- 
scribes the relation between the subobjects of {£ 2 ,£, tt) and (£i,£ 2 , $). 

Lemma 4.8. Let (£ 2i £,tv) and {£i,£ 2 ,<&) be related by {£\,£ 2 ,<&) = f(£ 2 ,£,ir). 
Denote the sets of subobjects of (£ 2 ,£,7r) and (£i,£ 2 ,3>) by SUB(£ 2 , £, tv) and 
SUB(£i,£ 2 ,3>) respectively. Then 

(1) There is a well defined map 

f : SUB{£ 2 , £, tt) — > SUB(£ U £ 2 , $) , 

(2) this map is surjective, 

(3) the function aiia2jTl>T2 is constant on the fibers of this map. 
Proof. 

(1) Let (£ 2 ,£',tt') be a subtriple of (£ 2 ,£,tt), and let $' be the extension class of 
the extension 

— ► Ker{n') — > £' — > £' 2 — > . 

We need to check that (Ker(7r'),£ 2 , is in SUB(£i, £ 2 , $). But this is an imme- 
diate consequence of the way in which subobjects are defined. We can thus define 
f{£' 2 ,£'^') = (Ker{n'),£' 2 ^'). 

(2) If (£[,£ 2 ,3>') is a subobject of (£i,£ 2 ,3>), then £ 2 is a subbundle of £ 2 . Fur- 
thermore, if (£i,£ 2 ,&) = f(£ 2 ,£,7r), then (again, by the defining properties of 
subobjects) £ 2 can be lifted to a subbundle £' C £. Then, with tt' : £' — > £ 2 
denoting the projection map, (£ 2 ,£',tt') is in SUB(£ 2 ,£,tv). Thus the map / is 
surjective. 

(3) This is clear since all subtriples (£ 2 ,£',7v') in / -1 (£{, £ 2 , <£') have isomorphic 
underlying smooth bundles. □ 

The proof of the proposition now follows from a straightforward computation. 
Given subobjects related by (£ 2 , £', tv') = f(£[, £ 2 , $'), we get 

©ai^ri,^^,^) = a i d 'i + a 2d' 2 - T\r' x - r 2 r' 2 

= ai{d' - d' 2 ) + a 2 d' 2 - n(r' - r' 2 ) - r 2 r 2 
= aid' + (a 2 - ai)4 - r x r' - (r 2 - T X )r' 2 

= ®a 2 -a 1 ,a 1 ,T 2 -T 1 ,T 1 (£ 2 , £ ) 

□ 

Given an extension 

— > E x — > £ — > £ 2 — > , (e) 

the strong equivalence class of e can be identified, as we have seen above, with the 
1-cohomology triple T = (£i,£ 2 , $), where $ G H 1 (£i <g> £ 2 ) is the class defined by 
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of T in ^(£1, E 2 )/<5 { c ] x <4 2) . By a comparison of the appropriate subobjects it 
is apparent that the stability notions we have defined for extensions is a property of 
weak equivalence classes. Similarly, stability of 1-cohomology triples is a property 
of equivalence classes under the action of (5^ x (5^ 2 In other words 

Lemma 4.9. 

(1) An extension e is a-stable if and only if every extension e' such that [e] = [e'\ 
is a-stable. 

(2) A 1-cohomology triple T is a-stable if and only if every triple T' such that 
[T'\ = [T] is a-stable. 

Proposition 4.10. Let [e] be a class in Ext/ ~ and let [T] be the corresponding 
equivalence class in H}{E\, E 2 )/(S^ x (25^ . Then [e] is a-stable if and only if [T] 
is a-stable. 

Proof. Again, the proof depends on a comparison of subobjects. Suppose, for 
example, that for some e G [e] there is a subextension which violates the ct-stability 
condition. But this subextension determines a sub-triple of T(e), the 1-cohomology 
triple corresponding to e, and this subtriple violates the a-stability condition for 
T(e). Conversely, suppose one is given a 1-cohomology triple T, and a subtriple 
T 1 which violates stability. This subtriple determines a subextension for some 
extension , say e(T), in the class corresponding to T, and this subextension violates 
the en-stability condition for e(T). 

Combining Definition/Lemma 4.4, Proposition 4.7, and Proposition 4.10, we 
thus get 

Proposition 4.11. Let the extension — > £\ — > £ — > £2 — > 0, the surjective 
triple {£2, £, 71"), and the 1-cohomology triple (£±,£2, <&) be related as described above. 
Then the following are equivalent 

(1) the extension — > £\ — >■ £ — ► £2 — ► is a-stable, 

(2) the 1-cohomology triple {£,\,£i,<&) is a-stable, 

(3) the 1-cohomology triple (^1,^2,^) is (1,1, r,r — a) -stable , 

(4) the surjective triple (£2,£,tt) is (0, 1, — a, r)-stable. 

In (3) and (4), r is determined by the relation d\ + d 2 = r\T + ^(r — a). 

§4.3 Metric equations. 

Corresponding to the comparison between the stability properties of surjective 
triples, 1-cohomology triples and extensions, there is an analogous comparison be- 
tween the equations governing the metric problems in the three situations. In this 
section we spell out this equivalence of metric problems. 

For the 1-cohomology triple (£1, £ 2 , $), the equations corresponding to (ai, a2, T\, T2)- 
stability are given by (2.4.7a-c). , i.e. 

iAa!F Hl +A n ((j)o * E 4>) = Tl I , 
ika 2 F H2 - (-l) p A n (* E( f> o </>) = r 2 I , 

Km = ° » 

„.i J. s- nO.D/ v Tj„^tu< tp \\ :„ „ „ — -i-„j-:,.„ „f 4-U„ „„u„™ „i „i„„„ a 
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The equations corresponding to, say, (61, & 2 > 0"i> 02)- stability for a (surjective) 
triple (£2, £, 71"), come from (2.4.7) with p = 0. They are 

b 1 iAF 2 + 7r*7r = oil , (4.3.1a) 

6 2 zAF - tttt* = o- 2 I . (4.3.1b) 

Proposition 4.11. Let (£1,82,^) be a 1-cohomology triple, and let (£2,£,tt) be 
a corresponding surjective triple. Suppose that there are metrics H and H2 on 
(£2,£,tt) satisfying (4-3. la, b) with parameters (a±, 0,2, r±, T2). 

Then there are metrics Hi and H2 and a representative 6$ satisfying (2.4-7) 
with parameters (02, a 2 + ai, r 2 , n + r 2 ) 

proof. We can use the metric on E to fix an orthogonal decomposition E = E\ © 
E 2 . Let be the element in Q°' P (X, Hom(E 2 , Ei)) corresponding to the second 
fundamental form with respect to this metric. Then 

\ -01,20* F H2 - 0* A 

Furthermore, in this frame, we get 



n n = 





TTTT* 



Equation (4.3.1b) thus decomposes as 



iAb 2 F Hl - z6 2 A(0 A 0*) =a 2 h , (4.3.2) 

iKb 2 F H2 - ib 2 A n ((/)* A 0) =a 2 I 2 + hit* , (4.3.3) 

Since is in Q 0,1 (X : Hom(E 2 , -Ei)), i.e. has form degree (0,1), we get 

-A(0A0*) = ^-A n (0o* s 0) . 
n! 

Combining (4.3.3) with (4.3.1a), we thus get 



iAb 2 F Hl + ^A n (<P o * s 0) = a 2 I , 
nl 



iA(b 2 + b 1 )F H2 - (-l)^A n (* s o 0) = (0-2 + <7i)I , 

n! 

^i )2 (0) = , 

The factor ^ can be absorbed by rescaling the metric on Ei, thus recovering the 
1-cohomology equations with a\ = 6 2 , a 2 = bi + 6 2 , T\ = cr 2 , r 2 = a\ + a 2 . □ 

In the special case where (b\, 6 2 , o\, a 2 ) = (0, l,r, r'), the correspondence be- 
tween these equations and the deformation of the Hermitian-Einstein equation given 
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Notice first what happens to the surjective triples equations (4.3.1) in the special 
case where we take (a±, ci2, ti, T2) = (0, 1, —a, r). Denoting the triple by (£2, £, tt), 
the metric equations become 

tvtv* = —al , (4.3.4a) 

iAF - 7r*7r = rl . (4.3.4b) 

The first of these equations says that (— a) _1 7r* is a left inverse of tt, i.e. that 
(— a) _1 7r* splits the sequence 

— ► ker(n) — > £ — > £ 2 — > . 

With respect to the smooth splitting E = ker(iv) ©7r*(E , 2), the endomorphism tv*tv 
thus has the block decomposition 

[0 \ 
7r7T= {o -al) ■ 

With t' defined by a = r — t', the equation (4.3.4b) can then be rewritten as 

A) • 

which is precisely equation (3.2.1). On the other hand for the 1-cohomology triple 
T = (£ 1 ,£ 2 ,$)i the equations become 

K20 = 

iA(F Hl -0A0*) = nli 

iA(F Ha — 4>* A 4> = r 2 I 2 

for a triple (Hi, H2, 4>) consisting of metrics on £1 and £2 respectively, and 4> G 
0(<&), where 

0($) = {0 G 0°' 1 (Hom(£; 2 , J E; 1 )) | d lj2 (/> = and [0] = $}. (4.3.5) 
The equivalence of these equations with (3.2.1) follows immediately from writing 

and the fact that 

iAdi )2 = di2- 

To have a complete equivalence between the solution of the two metric problems 
we need to prove the following. 

Lemma 4.12. There is a one-to-one correspondence 

Met(£) < — ► Met(£i) x Met(£ 2 ) x 0($) 

Proof. We have already mentioned above how from a metric H on £ we obtain 
(Hi, H 2 , cp). To prove the other direction we observe that giving a metric on £ is 
equivalent to giving metrics on £1 and £ 2 and a C°°-splitting of i?. But there is 
a one-to-one correspondence between C°°-splittings of E and elements of 0($). 
These is clear since two different splittings 71 , 72 : £2 — ► £ differ by an element 
a G Hom(£ 2 ,£i), i.e. 72 = 71 + ja, where j denotes the inclusion £1 — > £. The 
corresponding fundamental forms are related by <p2 = <pi + da. □ 

Summarizing the results for these special values of the parameters (ai, a 2 ,Ti, t 2 ), 
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Proposition 4.13. Let the extension — > 6\ — > 6 — > £2 — > 0, the surjective 
triple (£2, £, it), and the 1-cohomology triple (61,82, be related as described above. 
Then the following are equivalent 

(1) The surjective triple (82,8,71) admits a solution (i.e. metrics on E and E2) 
to the equations (4-3.1) with b\ = 0, 62 = 1, cri = —ct, 02 = r, 

(2) The 1-cohomology triple admits a solution (i.e. a representative of $ and 
metrics on Ei and E2) to the equations (2.4-7) with a± = 02 = 1,ti = r, 
and T2 = t — a, 

(3) The bundle 6 admits a solution (i.e. a metric on E) to the equation (3.2.1) 
with right hand side 
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